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Abstract. - Relativistic thermodynamics is generalized to accommodate four dimensional rotation in 
a flat spacetime. An extended body can be in equilibrium when its each element moves along a Killing 
flow. There are three types of basic Killing flows in a flat spacetime, each of which corresponds to 
translational motion, spatial rotation, and constant linear acceleration; spatial rotation and constant 
' linear acceleration are regarded as four dimensional rotation. Translational motion has been mainly 

investigated in the past literature of relativistic thermodynamics. Thermodynamics of the other two 
• is derived in the present paper. 
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Introduction. - There have been published numerous papers on relativistic equilib- 
rium thermodynamics of extended bodies (bodies with finite volumes) in a flat spacetime. 
Most of papers focused on a equilibrium of a body with translational motion, i.e., each 
element of the body has the same velocity. There has been a heated controversy on the 
relativistic temperature with the translational motion (see, e.g., (T| and references therein) 
in 1960s, and papers are still published to this date (e.g., ||2r[5)). 
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The equilibrium temperature of an extended body in translational motion is uniform 
within the body, in other words, local temperature at each point is the same. In contrast, 
there can be equilibrium states in which the local temperature is not uniform. Equilibrium 
with varying local temperature was first examined by Tolman and Ehrenfest [6[ in the 
context of general relativity. With some assumptions they concluded the local temperature 
should be inversely proportional to the square root of the temporal component of the 
metric tensor. This result can be derived from more general approach (ZHH), which shows 
equilibrium can take place only when the local inverse temperature four vector satisfies the 
Killing equation. 

This result in general relativity is of course applicable to flat spacetimes. The local inverse 
temperature four vector depends on the local velocities, and consequently the condition of 
equilibrium determines the velocity distribution by the Killing equation. There are three 
types of basic Killing vectors in a flat spacetime, each of which corresponds to translational 
motion, spatial rotation, and constant linear acceleration. Correspondingly there are three 
types of equilibrium in a flat spacetime. The case of translational motion is trivial: the 
uniform temperature. 

In the case of spatial rotation, the equilibrium state is determined by the well known 
effect which is often expressed as "the rim of a rotating wheel is hotter than the axis." 
This effect can be interpreted as the result of centrifugal force acting on the energy. The 
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energy is equivalent to the mass in relativity and subject to the centrifugal force, resulting 
higher energy density on the outer side of a wheel. The same effect takes place in the 
case of constant acceleration, resulting non-uniform local temperatures in the direction of 
acceleration. 

The equilibrium with spacial rotation or constant acceleration is a well known fact, 
however, past literature focused on its microscopic aspect. In other words, the distribution 
of the local temperatures has been mainly investigated, and little attention has been paid 
for the global thermodynamical properties of extended bodies. 

The basic strategy of thermodynamics is based on the fact that the macroscopic proper- 
ties of a body in equilibrium can be well represented by a small number of thermodynamical 
parameters, such as temperature, pressure, etc. It is trivial in non-relativistic thermodynam- 
ics that the temperature can be expressed with one single value, since the local temperatures 
are all equal in equilibrium. In contrast, there can be equilibrium with non-uniform local 
temperatures as discussed above, and it is not well known how to represent its global 
temperature so far. 

The purpose of the present paper is to generalize the concept of global temperature, or 
global inverse temperature more precisely, to be applicable to the relativistic equilibrium 
with non-uniform local temperature. Even when the local temperature varies, the condi- 
tion of equilibrium is a stringent constraint, which can determine thermodynamical state 
uniquely by a small number of parameters, namely the generalized inverse temperature. 

The second law of thermodynamics will be extended to accommodate four dimen- 
sional rotation (spatial rotation and constant acceleration) with the generalized inverse 
temperature. This second law can tell how the energy-momentum or angular momentum 
are transferred between extended bodies thermodynamically. Further, by introducing the 
generalized inverse temperature we can obtain a clear insight on the relativistic thermal 
equilibrium. We can tell the similarity and difference of the equilibrium states in transla- 
tional motion, spatial rotation, and constant acceleration. 

Non-relativistic thermodynamics is basically the theory of energetics. The temperature 
is defined based on the conservation of the energy. When we generalize it to relativity, 
energy must be treated as one component of the energy momentum which is expressed 
by a contravariant vector (1-vector). Consequently the inverse temperature becomes a 
covariant four vector (1-form); this formulation was first proposed by van Kampen [9] and 
later refined by Israel I 10l . 

The energy-momentum is a conserved quantity resulting from the translational sym- 
metry. There can be another conserved quantity, four dimensional angular momentum 
namely, in a Minkowski spacetime resulting from the rotational symmetry. As we will see 
in the present paper, there exists another inverse temperature corresponding to the angular 
momentum. In general, rotation can have six independent directions in a four dimensional 
space. Consequently the four dimensional angular momentum is a contravariant bivector 
(2-vector), with six components, and the corresponding inverse temperature becomes a 
covariant bivector (2-form) with six components. 

After deriving general expression for the inverse temperature, two specific cases of four 
dimensional rotation will be examined in the present paper. In a three dimensional space, 
any successive two rotations can be combined into one rotation. This is not true for a four 
dimensional space because there can be two independent rotations. For example, a rotation 
in the Xo*i plane is independent of the rotation in the X2X3 plane and the two cannot be 
combined into one single rotation. In the present paper we treat the motion of a single 
rotation; this is not general, but can clarify the essential thermodynamical properties of 
four dimensional rotational motion with simplicity. We examine two basic single rotations 
in a Minkowski spacetime: spatial rotation and constant acceleration. With respect to the 
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constant acceleration, we further focus on the Rindler motion, which is one limited case but 
important in applications. 

Temperature and Velocity in Equilibrium. - Let us suppose an extended body with 
a three volume E is in the equilibrium state, and examine its thermodynamical properties. 
The local inverse temperature at each point within the body is defined as 



where T(x) and u(x) are the local proper temperature and the four velocity of the matter 
at a point x 018); we denote a vector or a tensor as a whole by a bar, e.g., and its each 
component by a subscript or a superscript, e.g., in the present paper (precisely speaking, 
the position x may not be a vector, however, this expression does not cause confusion in 
a flat spacetime). We use natural units H = c = G = kB = l throughout this paper unless 
otherwise stated. 

When the body is in equilibrium, £ satisfies the following Killing equation 018): 

V v ^-V^v = 0. (2) 
The general solution to the above equation in a flat spacetime is given as (see Appendix) 

= )S f , + A flv (x y - x v ) , (3) 

where |8 is a constant vector, Xq is a certain fixed point that corresponds to the center of 
four dimensional rotation, and A is a anti-symmetric tensor that satisfies A fn , = —Am, (7). 
Both f> and A do not depend on the position x. The solution to (|2) has ambiguity in its 
amplitude since the Killing equation is linear; the amplitude is determined so as to give the 
appropriate temperature by fl). When f> , A and Xq are given, T(x) and u(x) can be calculated 
from Q} as 

T(x) = l^ + A^-xl)], 

m,,(x) = T\x) [ft, + A^ v (x v - x v )] . (4) 

Now that we obtain the equilibrium state, let us examine its thermodynamical prop- 
erties. Suppose there is an adiabatic energy-momentum supply to the body, and the local 
energy momentum density increases by ATp(f); this is not uniform within the body in 
general. The local change of the entropy four vector at a point x is given as As p = <E f ,ATp' 
(see, e.g., I10U11 |). thus we can write the total entropy change in the three volume E as 



AS = i- [[fr + A^-xD^dZP 



= ^AC + A^AiVr . (5) 

In the above expression AG and AM are the changes in energy-momentum and four dimen- 
sional angular momentum defined by 



AC = f ATp dLP , AM f,v = f (x v - x^ATp' dLP . 



(6) 



Precisely speaking, both AG and AM are frame dependent when the body is not isolated 
p2). However, the dependence is canceled out when we calculate the entropy and thus we 
do not pay attention to this point in the following. 

Most of papers on relativistic thermodynamics of extended bodies assume the case with 
A = 0, i.e., for the translational motion without rotation or acceleration. In this case van 



p-3 



Tadas K Nakamura 



Kampen [9J and Israel [10] suggested the concept of temperature should be extended by 
defining a four vector jS„ as a inverse temperature. 

When A + 0, we find the parameter A in 10 plays the same role to AM as f> does to AG. 
Therefore, A can be regarded as a thermodynamical parameter like the inverse temperature 
four vector |3. Since A is a bivector (2-form) with six independent components, the inverse 
temperature has ten independent components in total: four of /3 f , and six of A flv . This 
number corresponds to the number of independent Killing vector fields in a Minkowski 
spacetime, or equivalently, the number of conserved quantities resulting from the symmetry 
of spacetime. 

The ten components of inverse temperature is the generalization of the inverse tem- 
perature four vector; we can treat not only energy-momentum but also four dimensional 
angular momentum with them. In the following the combination of A) is simply referred 
as "inverse temperate". 

This inverse temperature has very basic function of the "temperature" in thermody- 
namics, i.e., it determines how the irreversible exchange of energy-momentum and angular 
momentum takes place spontaneously as an thermodynamical effect. Suppose two isolated 
bodies each of which is in equilibrium with inverse temperatures (/3j, At) and (j3jj, Ajj). 
Then the relativistic second law may be stated in the following: the thermal exchange 
of energy-momentum or angular momentum takes place spontaneously only when the 
entropy increases, i.e., 

A S - (ft, - ftl f ,) A G" + (A V - A IIf , v )AM" > , (7) 

where AG and AM are the energy-momentum and angular momentum transferred from the 
body II to body I. The two bodies can be in total equilibrium only when all ten components 
of the inverse temperatures are equal, which means the motions of the two bodies belong 
to the same Killing vector field. 

Rotation and Acceleration. - The motion expressed in (SJl is a superposition of trans- 
lational motion and four dimensional rotation, and in general four dimensional rotation 
can be divided into two categories: single rotation and double rotation. In the following we 
concentrate on the single rotation for simplicity. In the case of the Minkowski spacetime, 
the single rotation can be further divided into two categories: spatial rotation and con- 
stant acceleration. These two have similar mathematical structures, however, their physical 
properties are considerably different. 

The direction of a single rotation can be specified by a two dimensional plane in which 
the rotation takes place. In a three dimensional space, specifying a two dimensional plane is 
equivalent to specifying an axis orthogonal to the plane. This does not work in a space with 
the dimension higher than four because the orthogonal direction to a plane is not unique, 
therefore, we need to specify the direction by a two dimensional plane. 

Two dimensional planes in a Minkowski spacetime are categorized into two groups in 
general. One consists of the planes spanned by two spacelike vectors, and planes in the 
other group are spanned by one timelike and one spacelike vectors; the former defines the 
spatial rotation and the latter defines the constant acceleration. We will examine these two 
in the following. 

Spatial Rotation. For spatial rotation, we can choose the xy plane as the plane of rotation 
without loss of generality, then we have A xy + 0, A< ; = A y2 = A zx = in We still have two 
degrees of freedom in the choice of axis directions and can set j3 v = jS z = with them. Then 
the killing vector E, in ((3) can be written as 

I = (jS f , jS* + A xy (y - y ), -A xy (x - x Q ), 0) . (8) 
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The above expression can be simplified further by choosing the origin as Xo = and 
yo = /W A™, which gives f = (j3 f , A xy y, -A xy x, 0). Then (SJl is reduced to 

(l,Qy,-Qx,0,0), (9) 



Vl - Q 2 r 2 



where Q = A X yjf>i is the angular velocity and r = yjx 2 + y 2 is the three dimensional distance 
from the rotating axis. As well known, the motion must restricted within the light cylinder, 
i.e., r < Q -1 to keep the causality. 

Then the inverse temperature is written as 



V (/i = t) 

(otherwise) 



OT,, 1 ((i,v = x,y) 
A MV = { -QT" 1 (/i,v = y,x) (10) 
(otherwise) 

where To = T(xo) is the temperature at the axis. The local temperature becomes T = 
T / Vl - Or 2 . 

We understand from the above expression that the thermodynamical sate of a rotating 
body is essentially determined by two parameters Q and Tq, and the ten components of the 
inverse temperature are derived from the Lorentz transform. The general expression of the 
four velocity becomes 

a = . 1 [U fl + Q /w (jc v - X*)] , (11) 
Vl - Q 2 r 2 

where U f , = /3,,/(jS p |3 p ), Q flv = A flv /(/3 p /3 p ), and r is the three dimensional distance from the 
rotating axis. The vector U represents the four velocity of the rotation center, and it is 
perpendicular to the rotation plane, i.e., LT''O f , v ^ v = for any four vector q. Note that the 
origin x' Q is not identical to x in 10 because of the shift p x /A xy to obtain 

Constant Acceleration. Constant acceleration is characterized by the rotating plane 
spanned by one timelike and one spacelike vector, and we can choose the coordinate such 
that the latter becomes the tx plane, resulting At x + 0, Aty = At z = A;; = 0. Further we can 
simplify the expression with /3j = j8 x = by choice of the origin and |3 Z = by choice of the 
axis direction in the same way as in the above subsection. 

Then the four velocity becomes 

' (Qx, Clt, 1,0), (12) 



V" 2 p 2 - 1 

where p 2 = x 2 - t 2 and Q = A^/jSy. The motion must be in the region of |Qp — 1| > 1 to keep 
the causality. The inverse temperature becomes 

^o 1 0* = v) 

(otherwise) 
QT" 1 ((i,v = t,x) 

-QT~ l in,v = x,t) (13) 
(otherwise) 



A tt v 



The above expressions are similar to ©: here the spatial coordinate y takes the place 
of the temporal coordinate t in ((9). One difference to be noted is that a case with f> y — 
(To, Q — > oo with finite OT" 1 ) is allowed here. The four vector u must be time like, therefore, 
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jSf must be nonzero in the spatial rotation. The four velocity of the acceleration, in contrast, 
can be timelike even when f} y = 0. 

The motion of constant acceleration is usually investigated assuming f> y — in the past 
literature. In this case Jl2l l becomes the well known Rindler motion: 

u=-(x,t, 0,0), (14) 

p 

It should be noted that the parameter Q vanishes in the above expression. This means 
the equilibrium velocity distribution of the constant acceleration is uniquely determined in 
general without tuning parameters. The acceleration at each trajectory is given as a = 1 jp, 
in other words, the magnitude of the acceleration is determined by the distance from the 
origin. 

In this case the local temperature is inversely proportional to p i.e., T(p) oc 1/p, therefore 
it diverges at the origin. This means the definition of the global inverse temperature based 
on To, which was done in (lOt or (13) , is inappropriate. The inverse temperature in this case 
may be written using a new parameter A = QT^as 



A (jj, v = t, x) 
■ -A (ji,v = x,t) (15) 
(otherwise) 

Consequently the thermal property of the system is derived from only one parameter A, in 
contrast to the two independent parameters Q and To for the spatial rotation. 

Concluding Remarks. - Theory of relativistic thermodynamics is generalized to ac- 
commodate four dimensional rotation in the present paper. The equilibrium state of an 
extended body (body with finite volume) has been mainly investigated in the past litera- 
ture assuming the translational motion, i.e., the velocity of each element vanishes in the 
comoving frame. There can be other types of motion, spatial rotation and constant accel- 
eration namely, with which an equilibrium state is possible. These types of motion can be 
regarded as four dimensional rotation, and equilibrium is possible because of the rotational 
symmetry of the Minkowski spacetime. 

From the non-relativistic theory of statistical mechanics we understand the conventional 
temperature is the result of energy conservation law. For relativistic translational motion, 
momentum also obeys its conservation law and should be treated in the same way as 
energy. This approach was adopted by van Kampen [9| and Israel [10], who proposed 
to treat the inverse temperature as a four vector. The four components of the vector 
come from the conservation laws of energy and three components of momentum. When 
we generalize their theory to accommodate four dimensional rotation, four dimensional 
angular momentum must be treated in the same way as the energy-momentum because it 
is also a conserved quantity. 

Consequently there arises another kind of inverse temperature for the angular mo- 
mentum; this inverse temperature becomes covariant bivector (2-form) since the angular 
momentum is contravariant bivector (2-vector). Then the thermodynamical behavior of the 
body is completely determined by two inverse temperatures with ten components in total. 

In the present paper the above formulation is applied to the motion of single rotation, 
There are two types of single rotation in the Minkowski spacetime; one is spatial rotation 
and the other is constant acceleration. The result shows that the ten components are derived 
from the two parameters, the global temperature To and the angular velocity Q namely, by 
the Lorentz transform. 

In the case of spatial rotation, local temperature at each point of the body is uniquely 
determined by these two parameters, in agreement with the past literature: the rim of a 
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rotating disk has higher temperature than the center. Constant acceleration has the similar 
properties in general. However, the case of Rindler motion, which is one special case but 
especially important in applications, has a singular property. The ten components of the 
inverse temperature is derived from only one parameter A = Q/Tq, since we can eliminate 
the inverse temperature of energy-momentum (ft - 0). 

We make a brief comment on the relation of the present result to thermodynamics of 
quantum vacua before closing this section. It is believed that an observer with relativistic 
constant acceleration (Rindler motion) finds a quantum vacuum thermalized with a certain 
temperature (see, e.g., |13|). This effect, which is called Unruh effect, seem to contradict the 
result obtained in the present paper, because the temperature of the Unruh effect cannot be 
derived from our formulation. However, it should be noted that the Unruh effect is a pure 
quantum effect; our result is within the framework of classical thermodynamics which is 
valid when the quantum effect is negligible. 

The local temperature of the Unruh effect is estimated as T unru ] 1 = Ha/2nc, where a is 
the acceleration of the Rindler observer 1 13]; here we explicitly denote the speed of light by 
c. The effect is negligible when T unrun <§c T where T the local temperature in Q}. We can 
express this condition in terms of the parameter A in The global inverse temperature 
of the Unruh effect is derived from A unm j 1 = H/2n; note that A has the unit of ft -1 because 
it is generalization of inverse temperature that corresponds to four dimensional angular 
momentum. Then the condition for the Unruh effect to be negligible may be written as 
H <§c 2nc/A. This condition is satisfied unless the temperature is extremely small because of 
the large factor c, which means our result here can applicable for a wide variety of relativistic 
phenomena hopefully. 

Appendix. - It is easy to see the killing vector obtained in Q satisfies the Killing 
equation I0 by direct calculation, however, its physical implication might not be clear to 
the readers who are not familiar with the subject. We will give a brief explanation in this 
Appendix. 

When we choose a specific reference frame, the anti-symmetric tensor A flv in 10 can be 
decomposed into the temporal and spatial parts as 



A = A< s > + A» = 
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(16) 



The meaning of the first term can intuitively understood by expressing the second term of 
10 in the three dimensional form; 



Kl(Xn - x°) — > A x (x - x ) f( = X, y, z 



(17) 



where A = {A xy , A yz , A zx ). It is easy to see the three velocity calculated from the above 
expression represents rotational motion when \r' = 0. Note that /3 must not vanish in this 
case because the four velocity has to be timelike; the combination of A and /3 determines the 
angular velocity of the rotation. 



The second term of fl6l l has the same mathematical structure as the first term, therefore, 
it should be understood as to correspond to four dimensional rotation; the difference is in 
the point that the plain of rotation is spanned by one timelike and one spacelike vectors. 
It is known such rotation in a Minkowski spacetime represents Lorentz transform, which 
means the change in velocity. Therefore, the rotation at constant rate means the motion 
with constant acceleration. 

To see the above point with actual calculation, let us examine a spacial case with A® = 
jS f , = as an example. We can set At y = Af Z = x°„ = with an appropriate choice of the spatial 
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axis. Suppose a "test particle" is moving along the killing flow in ((3) whose four velocity is 
given by the second equation of ©. Then its equation of motion may be written as 



V x (t) = 



dX(t) 



A tx t 



(18) 



dt 



1 + A te X(f) 



The above equation gives the following velocity with the initial value V x - and X = Xq at 



When Af X t, A^Xq <SC 1, the three velocity V x is much smaller than the unity which means the 
on-relativistic limit. The above expression gives the non-relativistic constant acceleration 
v x = A tx t in this limit. Thus we understand the motion corresponds to A® is the relativistic 
generalization of constant acceleration. 

The motion defined by 10 [or ||4jl equivalently] is the superposition of the translational 
motion, spatial rotation, and constant acceleration in general. It should be noted the 
decomposition in i flo) is not unique but dependent of the choice of reference frame. We 
have examined the consequences of A^ s ' and A® separately in this appendix for simplicity, 
however, the general case may be complicated and cannot be understood as a simple 
superposition of elements. 
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